
10. Cox. D., Nature, 193, 670 ( 1962) tc* = local axial velocity within tube 
V = average velocity in downstream tube 
z’ = axial Coordinate in cylindrical coordinate system 

Greek Letters 

aLyl = constaiit of proportionality, defined in Equation 

r = shear rate in steady laminar shearing flow 
0 = tangential coordinate, Equation (1) only 
ef, = relaxation time of fluid 
p = viscosity 
p = density 
o 
‘c = total stress tensor 
T ~ ~ ,  T ~ ~ ,  T~~ = normal stress components of T 

(T1l)l, ( T ~ ~ ) ~ ,  etc. = total stress components at control 

(21) 

= half-angle of conical region, Figure 10 

surfaces 1, 3, etc. respectively 
= shear stress 

= stress deviator in Maxwell constitutive model 
= second invariant of the deformation rate tensor d 
= adjustable parameter, to be determined experi- 

, or T~ = T~~ evaluated at the tube wall 

I& 
cp 
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Temperature Profiles of Molten Flowing 
Polymers in a Heat Exchanger 

T. H. FORSYTH and N. F. MURPHY 
Virgin ia  Polytechnic Institute, Blacksburg, Vi rg in ia  

The Graetz-Nusselt problem for polymeric flow in a constant wall temperature tube was 
studied, using a temperature-dependent power law rheological model and temperature depen- 
dent fluid properties. Theoretical results compare within 6 %  of experimental results. The fluid 
model predicts an experimentally observed temperature maxima a t  a reduced radius between 
D.7 and 0.8 for cooling a t  low flow rates. 

Heat transfer to flowing polymer melts and solutions is 
a very important, but complex, operation in polymer proc- 
essing. Some of the factors which complicate the analysis 
of nonisothermal polymeric flow are: 

1. The viscosity of nearly all polymers is non-Newtonian 
and temperature dependent. 

2. Polymer melts and many polymer solutions exhibit 
viscoelastic behavior. 

3. The density of polymer melts is temperature and 
pressure dependent. 

4. Viscous heating effects and cooling by expansion can 

5. Thermal properties are temperature dependent. 
The system being considered is the classical Graetz- 

Nusselt problem for heat transfer to a fluid which is flow- 
ing in a circular tube. The fluid enters the tube a t  a 
constant temperature, TI, and with a flat velocity profile. 
The tube has a constant wall temperature, T,. 

Many analyses of this problem have been reported (1 
to 4 ) ,  most of which are more applicable to polymer solu- 
tions than to polymer melts. Several solutions can, however, 

be significant. 

be applied to polymer melts. Topper ( 5 )  considered the 
heat generation term a constant across the tube radius T. H. Forsyth is with the Dow Chemical Company, Midland, Michigan. 
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for two cases, parabolic velocity profile and potential flow. 
Lyche and Bird (6) studied the flow of an incompressible 
power-law fluid without viscous heat generation, and Bird 
(7) extended the study to include viscous heat generation. 
Toor studied the effect of expansion combined with heat 
generation ( 8 ) ,  and heat transfer to compressible fluids 
(9,10). His results show that the inertial terms cannot be 
neglected for polymer melts. 

Gee and Lyon (11) studied the cooling and isothermal 
flow of acrylic resins, by using a modified temperature- 
dependent Ellis rheological model. The fluid was assumed 
incompressible except for the cooling effect due to expan- 
sion. The steady state solution to the problem was obtained 
by Gauss-Seidel solution on a digital computer. 

Four experimental measurements of temperature pro- 
files of molten flowing polymers have been reported. Beyer 
and Dahl (12) studied heat transfer in an injection molder 
to determine the radial position r /R,  at which a mass 
average temperature can be measured. Schott and Kaghan 
(13) studied temperature profiles in the die of an extruder. 
Griske and Wiehe (14) studied temperature profiles of 

schedule 80, pipe. Each of these three papers reports that 
the mass average temperature (average temperature with 
velocity as a weighting function) occurs at a radial posi- 
tion between 0.60 and 0.70. Griskey and Wiehe compared 
their experimental temperature profiles with the results of 
Lyche and Bird for negligible heat generation (6) and the 
results of Toor with significant heat generation ( 8 ) ,  find- 
ing that viscous heating effects were not as significant as 
predicted by Toor. Recent experimental measurements of 
temperature profiles (15) for heating, cooling, and adia- 
batic flow of polyethylene, polystyrene, and polypropylene 
have shown that a maximum temperature occurs during 
cooling at low Graetz numbers, and that viscous heating 
effects were not as large as reported by Griskey and Wiehe. 

This study was initiated to resolve the uncertainties 
which resulted from the investigation of Griskey and 
Wiehe on heat transfer to molten polymers. The object of 
the study reported here was to develop a solution to the 
continuity, momentum, and energy equations for a com- 
pressible, temperature-dependent fluid with power-law 
rheology, viscous heat generation, and variable properties, 
and to compare this solution to previous theories and ex- 
perimental results. 

MATHEMATICAL MODEL 
To approximate the physical system for flow of polymer 

melts in a circular tube, a compressible, power-law fluid 
with viscous heat generation and variable properties was 
assumed. Even though the real system is highly visco- 
elastic, a viscous rheological model was used. With visco- 
elastic rheological models, one could obtain a very general 
solution, but a direct comparison of results could not be 
made, since many of the constants are not valid for non- 
isothermal flow. Hence, we will neglect normal stresses, 
elastic strain energy, flow history, and time dependent 
effects, which can be important in many studies. For 
steady, laminar flow of a compressible fluid the continuity 
equation reduces to: 

polyet K ylene and polypropylene during heating in a 3/s in., 

For the continuity equation to be satisfied in the inlet 
region (where the velocity profile is changing from flat 
to parabolic) the radial velocity component must be 
nonzero. Equation ( 1 )  assumes that the radial and tan- 
gential velocity are small compared to the axial component. 

Assuming negligible shear stress except in the axial 
direction by a radial velocity gradient, and a horizontal 
tube, the momentum equation is 

By further assuming that axial heat conduction is negli- 
gible compared to radial conduction, the energy equation 
for a compressible, purely viscous fluid with viscous heat 
generation is 

i a  
p C,V, (s) =- r -( ar kr$) 

Defining compressibility /3 and coefficient of thermal ex- 
pansion e as 

- 1  
r = -  (g)p 

P 

(4) 

The total derivative of density as a function of tempera- 
ture and pressure is 

Substituting Equations (4) and ( 5 )  into (6) gives 
d In p = - rdT + BdP ( 7 )  

From Equation ( 7 ) ,  at constant density: 

I t  has been shown (16 )  that: 
T€2 c, + - = cp 
P/3 

(9) 

Combining Equations (3) ,  ( 8 ) ,  and (9), the energy equa- 
tion becomes 

Over small intervals of temperature and pressure, Equa- 
tion (7) can be integrated to obtain: 

P = p0 exp [€(TO- T )  + /3(P-P0)I ( 1 1 )  
The rheological equation of state for the temperature- 

dependent power-law model is expressed as: 
n-1 

rr2 = - A  exp (- k lT )  

(12) 
Although the power-law index varies slightly with tem- 
perature, it can be assumed constant over 100°F. intervals 
(17). 

To express the temperature and pressure dependence 
of /3 and e, the Spencer-Gilmore (18) equation of state 
can be used in the following form: 

A linear function was used to express the temperature 
dependence of thermal conductivity and specific heat: 
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k = ko [ 1 +  bl ( T  - T o ) ]  (15) 
C P = C p [ 1 + c  ( T - T o ) ]  (16) 

SOLUTION METHOD 
The equations to be solved are the equations of change, 

Equations ( 1) , (2),  and ( 10) ; the temperature-dependent, 
power-law equation of state, Equation (12) ; and the tem- 
perature and pressure dependent properties, Equations 
(11) through (16).  The boundary conditions for the sys- 
tem are: 

V,=O \ 

T = T , /  
V, = const\ 

r = R all z (wall) 

all T z = 0 (inlet) 
T = T i  / 

( 17) 
-= dvz o\ 

dr 
r = 0 all z (center) 

dT 
dr O /  -= 

P = A P  z = o  
P = o  z = L  

To obtain a solution to this system of nonlinear, coupled, 
second-order, partial differential equations, numerical anal- 
ysis was used. The differential equations were replaced by 
difference equations and solved by iteration. The two- 
dimensional grid scheme contained unequal intervals, with 
the smaller intervals in the inlet region of the tube. 

The difference equations used were first-order and of 
the following type (19) : 

(18) 
dZ Z(Z) - Z ( I -  1) 
-= 
dr Ar 

Because Gauss-Seidel iteration requires that the initial 
estimate be very accurate, Gauss-Seidel iteration could 
not be used to obtain a general solution for this problem. 
Accordingly, a modified method of the following type was 
used: 

Where Z ,  is the retained variable after p iterations, Z f P + 1  

is the calculated value after p + 1 iterations, and a + b 
= 1. When the index a is greater than 0.5, convergence 
is slow but stability is improved. 

The averaging of adjacent values was found to improve 
convergence, particularly for the first several iterations. 
The following correction was found to give a more stable, 
quicker converging solution: 

Zp+i = a Z p  + b Z'p+i (19) 

Z ( I  + 1)  + Z(Z- 1) ] (20) Z ( I )  = a' Z ( I )  + b' [ 
2.0 

Where 2 ( I )  is the value of variable Z at grid position I, 
and a' + b' = 1. The index d increases from zero toward 
one after each iteration is completed. 

The boundary conditions, Equation ( 17), show that 
velocity and temperature are fixed at a11 the boundaries 
except the tube exit. To improve the results in the region 
of the tube exit, false (or nonphysical) boundaries (19) 
were used. 

To summarize the solution method, the system of equa- 
tions was approximated by difference equations, and solved 
by modified Gauss-Seidel interation, b using Equations 
(19) and (20) to improve stability aniconvergence. The 
data used (15)  to obtain a solution is shown in Table 1. 

TABLE 1. POLYMER PROPERTY VALUES USED IN CALCULATING 
THEORETICAL TEMPERATURE PROFILES 

Symbolt Polyethylene' Polystyrene+ 

Po 
T o  
Po 
A 10-6 
kl 102 
n 

bo 
77 

cp, 104 
C 

ko 
bi 

48.7 
300.0 

0.0 
3.51 

-1.22 
0.52 
6.85 
0.014 

472.0 
1.0 
0.0284 
0.0 

* du Pont, Alathon 10 
t Dow Styron 666 U 
t units are shown in the Notation 

82.3 
300.0 

0.0 
11.5 

-1.27 
0.51 
3.9 
0.0132 

350.0 
18.0 
0.0345 
0.567 

DISCUSSION 

Table 2 shows a comparison of the experimentally ob- 
served flow rate and the flow rate predicted by the tem- 
perature dependent power-law rheological model. Al- 
though the results compare very well for polyethylene, 
the flow rates calculated for polystyrene are consistently 
higher than the observed flow rates. This may be due to 
the pressure dependence of viscosity of polystyrene (20) 
or to the higher elasticity of polystyrene melts. High elas- 
ticity would cause the pressure to be expended as recov- 
erable elastic energy, rather than to increase the flow rate 
of the fluid, So for the range of flow rates studied, the mass 
flow rates are predicted very well for polyethylene, but 
poorly for polystyrene. 

TABLE 2. COMPAIUSON OF PREDICTED AND OBSERVED FLOW 
RATES OF POLYETHYLENE AND POLYSTYRENE 

Pre- Ob- 
dicted served 
mass mass % 

T ,  - T1 flow flow Differ- 
Material Gz" ( O F . )  (g./min.) (g./min.) ence+ 

polyethylene 6.62 57 42.0 40.7 - 3.1 
polyethylene 3.79 0 23.4 23.3 - 0.4 

polystyrene 3.63 35 45.8 34.2 -25.4 
polyethylene 7.74 -54 49.3 47.6 - 3.5 

polystyrene 2.33 -18 32.4 22.0 -32.1 
based on observed flow rate 

observed-predicted 

predicted 
t % difference = 

The data (15) compared with the results of this study 
were reproducible to within 1 O F . ,  and measured tempera- 
tures are within about 3°F. of the true temperature, with 
the error due largely to heat conduction through the ther- 
mocouple, and bending of the thermocouple. To average 
out the errors, a large number of temperature profiles were 
measured. The experimental reduced temperatures ranged 
from 0.1 to 2.5. 

A statistical comparison of the experimental and theo- 
retical data at each radial position showed that the differ- 
ence between theoretical and experimental reduced tem- 
peratures was 0.057 or less for 95% of the observations 
made. This correlation of reduced temperature profiles in- 
cludes the polystyrene data, which showed large deviations 
between experimental and predicted flow rates. Hence, the 
method of predicting temperature profiles reported here is 
fairly accurate for most viscoelastic fluids, although the 
method for predicting flow rates may be seriously in error. 
The use of a viscoelastic rheological model might improve 
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t- 

TEMPERATURE - 7- 
+3 1.0 

c m 
8 -Tw-T, 57 

A-WIE HE;N,f6.62 

0.0 0.5 1.0 

REDUCED RADIUS, r / R  
Fig. 1. Comparison of theoretical temperature profiles with experi- 

mental results for the heating of polyethylene. 

the flow rate correlation, although it is not necessary for 
the temperature prediction. 

Shown in Figure 1 is a comparison of the reduced tem- 
perature profiles for heating of polyethylene, as determined 
by (a )  the Lyche-Bird model (an incompressible, con- 
stant property fluid without viscous heat generation), (b)  
Toor's model (a  compressible, constant property fluid with 
viscous heat generation), (c)  the model reported here 
(temperature-dependent power-law rheological model with 
variable properties), and (d)  experimental data (15). 
Since the Brinkman number is a measure of the ratio of 
viscous heating to conductive heating, then the Brinkman 
number is zero for Bird's model and nonzero for Toor's 
model. The temperature-dependent power-law model re- 
ported here shows larger temperature changes than either 
of the constant property models. Even though the data 
shown in Figure 1 is best approximated by the constant 
property models, the data is within experimental accuracy 
of the temperature dependent model used in this study. 

The results for nearly isothermal (T, = TI) flow of 
polyethylene are shown in Figure 2, indicating that the 
data more closely approximates the temperature-dependent 
model than either of the previous models. 

TEMPERATURE 
DEPENDENT 

MODEL 
W 
a 

a 
a 
W 
n 
5 
W 
t- 

W 

a 
W 

2 2.0 

a 
2 1.0 

a 

I I 
POLYSTYRENE COOLING 

.+Tw-Tl= - I8 

0.0 0.5 1.0 

REDUCED RADIUS, r /R 

I I 

Fig. 2. Comparison of theoretical temperature profiles with experi- 
mental results for the isothermal flow of polyethylene. 

I- 

1.0 

cn' 
a 

a a 
W 
n 
I 
W 
t- 

W 

0.8 

o 

yf- 
k3 

I I I 

POLY E T HY L EN E COOL I N G 
e+Tw-T,=-54  

N ~ ~ s 0 . 4 6  

DEPENDENT 

I 
z MODEL I 

t 0.6 
3 
0 
W 
a 

I I I I 1 
0.0 0.5  I .o 

REDUCED RADIUS, r/R 
Fig. 3. Comparison of theoretical temperature profiles with experi- 
mental results for the cooling of polyethylene a t  a Graetz number 

of 7.74. 
Figures 3 and 4 show that the temperature-dependent 

model more closely approximates the experimental data 
than either of the previous models for cooling of poly- 
ethylene. Figure 3 shows that at high flow rates, the vis- 
cous heating effect is greater (that is, temperatures are 
higher) than predicted by the previous studies. This is 
caused by the viscosity increase as the temperature-depen- 
dent fluid is cooled. In Figure 4, the temperature-depen- 
dent fluid model predicts a maxima in the temperature 
profile at low flow rates during cooling, as has been 
reported (15). This maxima results from a small viscous 
heat contribution to an otherwise flat temperature profile. 
At higher Graetz numbers the maxima is not observed 
because of conduction to the cooling liquid. 

The temperature-dependent power-law rheological 
model does not greatly improve the accuracy of the cal- 
culated temperature profiles for heating or isothermal flow, 
over the simpler methods reported by Bird (6) and Toor 
(a), but substantial improvement is shown for cooling. 
This is because the Drevious fluid models could not Dredict 

t i TEMPERATURE 
DEPENDENT 

MODEL 

0.0 0.5 I .o 
REDUCED RADIUS, r /R  

Fig. 4. Comparison of theoretical temperature profiles with experi- 
mental results for the cooling of polystyrene a t  a Graetz number of 

2.33. 
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Fig. 5. Development of the velocity profile for heating of polyethyl- 

ene. 

The shape of the velocity profile is determined by the 
radial temperature profile and entrance length. Figures 5 
and 6 compare the development of the velocity profiles 
for heating and cooling at several axial positions in the 
tube, as calculated from the temperatureldependent power- 
law fluid model. Because of the high Prandtl number, the 
velocity profile is transformed from flat to parabolic shortly 
after the polymer enters the tube. Near the tube exit ( z / L  
= 1.0), expansion during heating causes an increase in 
fluid velocity. The velocity profile for cooling develops 
less uniformly than does the heating curve, probably be- 
cause expansion of the polymer due to the decrease in 
pressure is opposed by contraction due to cooling. 

The terminal velocity profile is a function of the radial 
temperature profile at the tube exit, and will be a function 
of flow rate only if the tube exit is in the entrance region. 
The heat exchanger used in this study was 3.7 ft. long, 
and entrance lengths were less than 26 in. (15).  Hence, 
the terminal velocity profile was not a function of Graetz 
number. Figure 7 shows the terminal velocity profile for 
heating, cooling, and isothermal ( T ,  r TI) flow of poly- 

I .o 
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>: 
t 
3 0.5 
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0 
w 
0 
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K 
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k 
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> 

-1 
W > 

W 
0 
3 

W 

n 

n 
a 

0,o 
0.0 0.5 1.0 

REDUCED RADIUS, r / R  
Fig. 7. Comparison of nonisothermal velocity profiles. 

ethylene obtained with the temperature-dependent model 
used in this study. Also shown is the theoretical velocity 
profile of an isothermal, incompressible, power-law fluid, 
Heating of the polymer causes lower viscosities near the 
wall, hence a flatter velocity profile. Cooling causes higher 
viscosities near the wall, and a less flat velocity profile 
results. At smaller Graetz numbers, the cooling and heat- 
ing velocity profiles will converge toward the isothermal 
curve. The theoretical power-law and isothermal curves 
fall between the heating and cooling curves, but they do 
not coincide. This is due to cooling by expansion, which 
causes the isothermal curve for a compressible fluid to 
more closely approximate the cooling curve. 

Figures 8 and 9 illustrate the development of the tem- 
perature profiles for heating and cooling. Each plot shows 
a gradual change from constant inlet temperature to a 
parabolic temperature profile. Changes in compressibility 
seem to have a larger effect on velocity profiles than they 
have on temperature profiles. 

r I I  I I 1 

I .o 

W 
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a a 
$' 0.5 
5 
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I- 
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I I I I I I 
0.0 0 . 5  

I I I I 1 
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REDUCED RADIUS,  r /R REDUCED RADIUS, r/R 
Fig. 6. Development of the velocity profile for cooling of poly- Fig. 8. Development of the temperature profile for the heating of 

ethylene. polyethylene. 
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Fig. 9. Development of the temperature profile for the cooling of 

polyethylene. 

CONCLUSIONS 

The conclusions of this study can be summarized as: 
1. A generalized method for calculating temperature 

profiles of flowing power-law fluids during heating, cool- 
ing, and isothermal flow has been developed. 

2. The temperature-dependent power-law rheological 
model with viscous heating effects is a more accurate 
method of predicting temperature profile calculations for 
cooling of polymer melts than previous models. Previous 
models are adequate for heating and isothermal flow of 
polymer melts. 

SUMMARY 

Recent experimental studies have shown that existing 
methods of calculating the temperature profiles of molten 
flowing polymers are inadequate, particularly for polymer 
cooling. 

The transport equations of continuity, momentum, and 
energy were solved by a digital computer for a compres- 
sible fluid with temperature-dependent power-law viscos- 
ity and temperature-dependent properties. The results ob- 
tained with this model are compared with previously 
reported results and previous theoretical results. 

The results show that a compressible fluid model with 
temperature-dependent power-law viscosity and variable 
properties will predict the experimental results within S%, 
which is a better prediction than obtained by previous 
theories. The experimentally observed maxima in the tem- 
perature profile for polymer cooling is due to increased 
heat generation because of the temperature-dependence of 
the power-law viscosity. 

NOTATION 

a 
A = Arrhenius power-law constant, Equation ( 12), 

b 
b, 
bl 
N s r  = modified Brinkman number, 

= index number, Equation (19), dimensionless 

sec.n Ib.f/sq.ft. 
= index number, Equation (19),  dimensionless 
= specific volume at absolute zero, cu.ft./lb. 
= empirical constant, Equation (15),  1/”F. 

Wr,n 
?rkR (3n  + 1)  (T,,, - T I )  

, dimensionless 
I \  - - I  

c = empirical constant, Equation (16),  1/”F. 
C, = heat capacity at constant pressure, B.t.u./lb.-OF. 
C,, = empirical constant, Equation (M) ,  ft.-lb.f/lb.-”F. 
C,  = heat capaci? at constant volume, B.t.u./lb.-OF. 
N G z  = Graetz num er, WC,/kL, dimensionless 
k = thermal conductivity, B.t.u./ft.-sec.-OF. 
k, = empirical constant, Equation (15), ft.-lb.f/sec.- 

kl = empirical constant, Equation (12),  1/”R. 
L = length of the heat exchanger, ft. 
M ,  = molecular weight of a mer unit, Ib./mole 
n = power law index, dimensionless 
P = pressure, lb.f/sq.ft. 
P,  = arbitrary base pressure, Ib.f/sq.ft. 
T = radial distance from tube center, ft. 
R = inside radius of tube, ft. 
R, = perfect gas law constant, 1.987 B.t.u./mole-OF. 
T = temperature at an arbitrary position, O F .  

To = arbitrary base temperature, O F .  

T1 = average polymer temperature at tube inlet, O F .  

T ,  = reduced temperature, T - TI/T,  - TI, dimen- 

T ,  
V, 

V,n,, = maximum fluid velocity in the tube, ft./sec. 
W 
z 
Z 
Greek Letters 
f i  = compressibility, sq.ftJ1b.f 
B 

v 
p = density, Ib./cu.ft. 
p, 
T~~ = shear stress, Ib.f/sq.ft. 
7, 
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ft.-OF. 

sionless 
= temperature of the tube wall, O F .  

= fluid velocity at an arbitrary position, parallel to 
tube axis, ft./sec. 

= mass flow rate, Ib./sec. 
= axial distance from tube inlet, ft. 
= value of a variable, Equation (19) 

= thermal coefficient of expansion, O F . - ‘  

= internal pressure, Equation ( 13), Ib.f/sq.ft. 

= empirical constant, Equation ( l l ) ,  Ib./cu.ft. 

= shear stress at the wall, Ib.,/sq.ft. 

1. Metzner, A. B., R. D. Vaughan, and G. L. Houghton, 
AIChE J., 3, 92 ( 1957). 

2. Chu, J. C., F. Brown, and K. G. Burridge, Ind. Eng. 
Chem., 45,1686 ( 1953). 

3. Christiansen, E. B., G. E. Jensen, and F. S. Tao, AlChE J., 
12,1196 ( 1966). 

4. Pigford, R. L., Chem. Eng. Progr. Symp. Ser. N o .  17, 
51, 79 (1955). 

5. Topper, L., Chem. Eng. Sci., 5, 13 (1956). 
6. Lyche, B. C., and R. B. Bird, ibid., 6,35 ( 1956). 
7. Bird, R. B. ,  SOC. Plastics Eng. J., 11, 35 (1955). 
8. Toor, H. L., Ind. Eng. Chem., 48,922 (1956). 
9. - , Trans. SOC. Rheol., 1, 177 (1957). 

10. - , AIChE J., 4,319 ( 1958). 
11. Gee, R. E., and J. B. Lyon, Ind. Eng. Chem., 49, 

956 (1957). 
12. Beyer, C. E., and R. B. Dahl, Mod. Plastics, 30, 124 

(1964). 
13. Schott, H., and W. S. Kaghan, SOC. Phstics Eng. J., 20, 

139 (1964). 
14. Griskey, R. G., and I. A. Wiehe, AIChE J., 12, 308 

(1966). 
15. Forsyth, T. H., Ph.D. thesis, Virginia Polytechnic Inst., 

Blacksburg ( 1967 ). 
16. McKelvey, J. M., “Polymer Processing,” p. 83, John Wiley, 

New York (1962). 
17. Ibid., p. 41. 
18. Ibid., p. 131. 
19. Lapidus, L., “Digital Computation for Chemical Engi- 

20. Brasie, W. C., Chem. Eng. Progr., 58,48 (1962). 
neers,” Chapt. 4, McGraw-Hill, New York ( 1962). 

Manuscript received February 2, 1968; revision received May 27, 
1968; paper accepted May 31, 1968. 

Vol. 15, No. 5 AlChE Journal Page 763 




